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ABSTRACT

The tables of the Goldstein factor rresented in this report have been
computed on the IBM 7090 system at the ;[ pL~d Mathematics Laboratory.
They were computed for the purpose of supplying ore extensive and rerli-
able information than that available in similar tables of Goldstein, Lock
and Yeatman, Kramer, Tachmindji and Milam, and the second of the present
authors. These tables are applicable to the calculation of the distribution
of the circulation along lightly loaded, optimum propellers for which the
number of blades ranges from two to ten, inclusive. The Goldstein factor
determines the effect of a finite number of propeller blades on the circula-
tion, and simultaneously relates the maximum value of the tangential
velocity component induced at a lifting line with its circumferential average.
The emphasis on an increased number of blades, as reflected in these
more extensive tables, arises from the need to alleviate the loading or cavi-

tation problems associated with the increased power of modern ships.

INTRODUCTION

In 1929 Goldstein! gave an exact determination of the distribution of circulation along
a propeller blade, corresponding to minimum energy loss in the slip stream for a prescribed
thrust. This is applicable to the theory of the lightly loaded, optimum propeller with a zero
hub and a finite number of blades operating in a uniform flow.

In particular, Goldstein derived a relationship between the distribution of circulation
for a propeller with a finite number of blades to that for an idealized propeller with an infinite
number. Indeed, if G and G represent the respective circulations and p represents the
number of blades, then p G. G, = , which is termed the Goldstein factor.

Goldstein exhibited this factor as a linear combination of the sums of two infinite series;
the first involves the so-called Goldstein function, which is expressible in terms of a Lommel
function and the modified Bessel function of the second kind, the second, the logarithmic de-
rivative of the modified Bessel function of the first kind. The coefficients a_ of the terms of
the second series are the soluticns of an infinite system of linear equations with complicated
coefficients. The numerical solution of this system is a formidable task, both mathematically
and computationally, to which considerable attention will be devoted in the body of this report.

Goldstein was able to show that these coefficients @, can be approximated by a multi-
ple of the coefficients occurring in the Maciaurin expansion of the inverse sine function.

In 1954 members of the staff of the Applied Mathematics Laboratory prepared a
UNIVAC program for the evaluation of «, based on the approximate coefficients a*.

1Referem:es are listed on page 68,




The underlying tables, which were published? in 1935, serve to yield the Goldstein factor for
p ranging from 3 theough 6. pg = 0.25(0.25)2(0.5)6. and p'pq = 0.2(0.1)0.8{0.05)0.95, 0.975.
Here porepresents wr, o0 where o is the velocity of the screw surface iv che direction of its

axi=, o 1~ the angular velocity ¢ 7 is the distance from the axis of rotaticn, and , is th~ value

0
of p corre~ponding to r = R, the radius of the propeller.

Sub~equent desk caleulations revealed that the substitution of ¢ for a, in the calcu-
Lation of ~ leads o unacceptably large errors for propellers operating at large advance ratios
I pg- Consequently, in 1955 an investigation vas made of grocedures for solving the infinite
~vetem of equations for a sufficient initial number of the unknowns @, to assure reliable values
of the Goldstein fuctor. This rescarch culminated in the publication? of an offective procedure
for evaluating the coefficients a,,.

In 1956 Tachmindji and Milam? publi=hed tubles of the Goldstein factor for propellers
who-e number of blades ranged from 3 through 6. These results vere obtained on the UNIVAC
sy~teniin the Applied Mathematies Laboratory and involved the use of a,,. m - 1, together
with e m 25, The techmque for estimating the values of the coefficients @ used was that
deseribed in Reference 20 which will be further elaborated upon in this report.

In January 1961 an IBM 7090 ~ystem was installed in the \pplied Mathematics
Laboratory (AML). The capabilities of this electronic computer are such as to justify its use
in the evaluction of the Goldstein factor to a precision hitherto unattained. Accordingly. AML
has aow obtained reliable approximations to the Goldstein factor, using suitably modified sys-
tem~ of orders ranging up o 50 to evaluate the coefficients @, by the procedure described in
Reference 2. These tinal data, together with the sums of the constituent series, are presented

in tabular form at the end of this report.

FORMULAS AND CALCULATIONAL PROCEDURES

The Goldstein factor, a. can be defined by the relation

14 112 ])l‘m

(1]

K = >
2 2wy
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where p is the number of blades in the propeller,
[" i~ the circulation around the blade section,
w is the angular velocity.
w is the velocity of the screw surface in the direction of its axis.
» is the velocity of advance of the propeller, and

¢ 1~ the ratio wr e, where ris the distance from the axis of rotation to the blade section.




Goldstein? showed that

o
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where v = p (m + 5) and the coefficients ¢ satisfy the following infinite system of equations:

" 2 (@m+1) UJ(v o/, (v o)) = 20 1K Z(pnng)/ K, (pe )

am
4n? - (2m + 1)
(v 1g)
= 20 (K, (prig) K (pmirg)] E R
el (2m+1)? [40% - (2m+1)?)
\ T (v i)
- E by o ,n=1,23,... (31
= (@m+1) [4n? - (2m+1)?)

The function T, (v po) is called the Goldstein function and is defined as follows:

vri

Ty, (@) =8 (i@)-ve? K (a), (4]

where §, is a Lommel function as defined by Watson?® and K, () is the modified Bessel
function of the second kind of order v. In Equations (2] and [3], 1, is the modified Bessel
function of the first kind. The prime affixed to each of these functions denotes differentiation
with respect to the argument.

The SHARE subroutine LABESF was used to evaluate the Bessel functions I (nz) and

K, (nz) for arguments nz not exceeding 50. The first derivatives of these functions were then
calculated by means of the well-known formulas

I'(na) = % U, (n2) + I, _(na)] (5)

1
K (na) =- ry K, , (nd) + K _ (n2)] (63




For arguments nz exceeding 50, the ratios /(nz)// (nz) and K (n2),'K  (nz) were cal-

culated from the following asymptotic series:>

, , z 2 z(4-2%) 2 (4 -102? + 2t
I'(nx),l, ()~ — - + -

2nz? gn? 25 823 28

2(64 -56022 + 4562* - 2525)
4 — e {7
128n% 211

, e 'y 2 z $(4-—{1}2) (I}(4—10'32+x4,
N (na), l‘n(nx)“"‘ o - -

2nz? 8n2 25 8n3 28

x(64 - 56022 + 4562* - 2529)

vy (8]

12824 211!

where z = (1 + 23172,

The Goldstein function T;  {vpu,) was calculated from the following asymptotic formula,
provided that the last term calculated (in this case, the sixth) was numerically less than
5 x 1075,

To(1g)  T4lng)

TI'V(V[L0)~TO([,L0) + — Tt (9}
v v
where
2
Ho
To(l‘o) = 2
1+ 15

4pd (1-pd)

T = —
5 (1g) (Lrndy?
and, in general,
2
gty = —— g == 7. ()
1+ 1102 dl‘o

If, on the other hand, T, ,(p,) exceeded 5 x 1075, then T, () was calculated from
one of the following two formulas given by Goldstein. The first is vsed when v is an even

integer; the second is used in all other cases.




T, (@ =1-— + —— - = (D2 VK, ()
T Z 4
(10]
T ( ) v | ( ) 2)2 .'124 [11]
() = ——— [ (2) - - -
v Q Sin 1% ! 22 - !,2 (22 - 1/2) (42 _ 1/2)

2

The derivatives of the Goldstein function were obtained by term-by-term differentiation
of the three preceding series.

Occasionally, Formulas [10] and [11] do not yield sufficient accuracy when single-
precision arithmetic is used on the computer. This difficulty is due to the fact that the terms
involving the Bessel function K or [ are nearly equal to the sum of all the remaining terms
in each series, respectively. Accordingly, double-precision arithmetic has been used to
evaluate '1"1' (%) in these exceptional cases.

To evaluate / () in double-precision atithmetic for integer values of v, the following

power series was used:

-/

o @

z 4
i (3)

+ + +.
! 11 (n+1) 21(n+ 1) (n+2)

(1.4

T

For v equal to one-half an odd integer, the following explicit. 1 ntmulas were used:

7T
Py I () = cosh z

1
2 (13]
e .
Y 1_1_("”) = sinh z
2
ne I (2 b 1 .
|/—-— Z) = cosh ¢ -~ — sinh &
9 3 x
2
If we let ¢ represent :z:"l, we can write, in gc neral,6
nT . .
Y lowio(®=4,(Hcoshws d_ (¢ sinh & [14]

(914




wtere A (¢) is a polynomial in ¢ satisfying the relations

Ay =0; A,(9=1

A, (D=4, () -(2n+1)t4,(9 (15]

For the double-precision evaluaivion of K (%), use was made of the recurrence formula

[y

K, (2)= i—" K (2) + K _ (%) (16]

in conjunction with the integral representations

Ky () = fo"" exp (-z cosh ¢) d¢ (17]

K, (2) = f0°° cosh ¢ exp (- cosh ¢) d¢ f18)

which were employed to evaluate K (z) and K| (2) to 14 significant figures by Simpson’s rule.
The upper bound

2 @
fN°° cosh ¢ exp (-z cosh ¢) dt < — exp (— 5 eN) {19]
z

shows that the infinite upper limit of integration in Equation [18] can be replaced by the finite
6
e
limit 6, with a resulting truncation error less than 8 exp <— —é-/ , or approximately 1.03 x107%1,
when z = 0.25, which corresponds to p =2, pg = 0.25, and m = 0. This is the least value of z
encountered in the preparation of the tables. The upper bound for the tiuncation error given in
Equation [19] holds a fortiori for the integral appcaring in Equation [17], since the integrand
therein is less at corresponding positive values cf ¢ than the integrand occurring in Equation
[18].
Accordingly, the values of K (z) and K, (z) were calculated by applying Simpson’s
rule to the respective integrals, in which the range of integration was modified so as to
extend from 0 to 6, and 250 subdivisions were employed.

A further computational difficulty arose from the slow convergence of the series

(2m +1)?

m=0

6
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when y assumes large values, because in that case 7} | (v p) is neacly equal to unity.

We note that the Euler-Maclaurin summation formula” yields

Z"v 1 J“’ dz 1 1
——— = ——— p — e ——————
Ce @m+ 12 % @+ 2 (9N +1)?
1 4 1 4.6-.8
f— e o — .= R [20]

where R represents the remainder term, and the value of the definite integral is simply
@N + 1)7!
—

In the evaluation of the related sum

P

— (@m+1)?

the first 100 terms were summed on the IBM 7090 system, and the remainder term 2s estimated
from Equation [20) was added. The numerical value of the left side of Equation [20] was thus
found to be 0.00249 9979, approximately.

In the evaluation of the ratio Iv(”‘)/lu("i‘o) for large values of g and g, it was found

0’
necessary to use the following asymptotic formula due to Lehmer:®

i 1) "% exp [~V (i2)] {21]
z

[ (n Z) ~ (2an)~1/2 ;=172 (
where

_ 322 -2 o* ~d42® 37520 - 36542 + 151242 + 16
-V (i2) = + .

2423 1622 2° 576003 2°

1828 - 23225 4+ 2882% - 3222
H [ PR

12874 212

and z=(1+ :1:2)1/2.

There remains, in the calculation of the Goldstein factor by Equation [2], the evalu-

ation of the coefficients @, from the infinite system of equations in [3].




Now, Goldstein! showed that this system can be approximated by the following infinite
system

Z a,: ‘o i 1, 2,3 [22]
on-2m -1 - 2 4n n=142,9,....

where @ * is generally a good approximation to a,. Furthermore, he showed that

2
Fo (2m)! )
at=- . 23]
tepl 22mmh)?(2m+ 1)

Zm+14h the

where the second factor on the right is identifiable as the coefficient of 2
Maclaurin expansion of arcsin 2.

By introducing Stirling’s asymptotic approximation to the factorial function; namely

n!~(2n)1/2 n’l*—l/ﬁ e-n [24]

we find that

2
it -1/2
g e 20 (M [25]
m 1+ #02 2m + 1

which shows that ¢ *, and consequently ¢, decreases as «.>"ly s 7372, Thus, the
monotonic decrease in the coefficients e, in the second series in fauation (2] contributes
relatively little to the rapidity of convergence of that series.

This approximation of the coefficients a by the numbers a * constitutes the basis for
an iterative procedure developed for their accurate evaluation on the L. "4 7090 system. This
procedure will now be described.

For simplicity of notation, let b”. designate an element of the matrix of coefficients
for the infinite system, Equation (3], and let ¢, represent the corresponding constant term.
Similarly, we shall use bl"; and c* to represent the corresponding elements in the infinite
system, Cquation [22].

Then the first equation of the system in Equation [3] can be written

(26)




We replace this by the approximate equation

a* =c¢, [27]

and note that

(28]

Then our first approximation aél) to a, is obtained by solving Equation [27}, using

c
the result in Equation [28].

Similarly, we form the system

00
by @y + by et 52 b, j+19f =¢
! (291
o0
b,y a, + b22 ay +i§2 bz*, j+1 al.* =c,

and solve it for a second approximation aéz) to a, and for a first approximation dl(l) to a,.

Here the residual infinite sums are given by

o0
3 * X ok _ fh* *
2 0 e af =of - bl el ~ by

af {301
and 2 =1, 2.

This procedure is then continued until a suitable number of the initial coefficients
have been approximated. Thus, with each step of the process, one obtains an improved
approximation to a;, 1=0,1, 2, ..., n

The convergence of the sequence {a,fzk)} of approximations to a_ can be accelerated
by means of the Aitken 52 process.9 By this process, one forms an associated sequence
ib,flk)i defined by the relation

(B+1) (k)12
[a -a,"’]

pCky _ LR+ D)_ m
m = O (k+1) _g gk, Lk=1) 81}
a, - am +a,

The sequence {b,f'k)i, if convergent, has the same limiting value as the original sequence
{a,flk)} and, moreover, generally converges at a much faster-rate.

Further sequences, such as ic,f,/‘)! from ib,ff”}, can be formed successively by the
Aitken 52 process, but the eventual serious loss of significant figures precludes the indefinite
repetition of this technique.




In practice, it was discovered that the successive application of the Aitken process
to the =olutions of successive linear systems approximating the infinite system in Equation
[3] resulted in excessive loss of significant figures. Accordingly, it was found preferable
to evaluate the coefficients q,, by solving the appropriate linear systems of orders ranging
from 30 through 80, in increments of 10, on the IBM 7€90 computer system.

DESCRIPTION AND PREPARATION OF TABLES

Because of their inherent interest and value, it was decided that the functions

14“ —Z T, (vm)

me=o (2Mm+ 1)
14 [Lz 2 S I,,(VI‘)
- — a
m
2 7 — [ (l/[l.o)

should each be tabulated, in addition to their difference, which is the Goldstein factor, .
The precision decided upon for these tabular data is five significant figures, which
are presented in floating-point form; that is, with the exponent of the appropriate power of
10 printed ditectly after the decimal digits of the number.
The attainment of accuracy to five significant figures was especially difficult in
certa:a purts of the second table because of the very slow convergence ol the series
\ (v
L O I (vig)

m=0
ity = 0.975, we find that the ratio [ (vp),’l (v ito) decreases only from 0.941696 to 0.0071486

when m increases from 0 to 9. On the other hand, when p = 3, o = 1.5, and ;L,’po = 0.5, we

, especially when p/py = 0.975. Thus, when p =3, 4, = 1.5, and

find that this ratio of values of the modified Bessel function /,, decreases from 0.249529 to
0.101451 x 10725 for the same variation in m.
The ranges of parameters covered by the tables in this report are as follows:
p=2(1)10, py = 0.25(0.25) 6 (1) 12, and "y = 0.2(0.1)0.8(0.05)0.9(0.025) 0.975. Here the
number withia parentheses designates the width of the uniform subintervals into which the

interval defined hy the bracketing numbers has been subdivided.

METHODS OF INTERPOLATION

An examination of the tabular values of the Goldstein factor « corresponding to values
of jy in the interval from 0.25 to 1, inclusive, reveals that interpolation with third differences

is required to yield intermediate values of x to comparable accuracy.

10




This conclusion . based upon the following analysis. The table of x corresponaing

to p'py = 0.2 and p = 3 contains the following entries, whose successive differences are

shown:
g K A A? A’
0.25 | 1.6344
~0.0310
0.50 | 1.6034 -0.0124
3 i -0.0434 0.0059
0.75 | 1.5600 0.0495 ~0.0065 0,009
1.00 | 1.5101 | ~ 1 -0.0026 |
~0.0525,
1.95 | 1.4576

Since the second differences are nearly in geometric progression, the Goldstein factor
in the indicated range was fitted to an expression of the form

—c.
= - - 3 Fo
K=Cy=Cpg=Cye (32]
where the ¢’s are positive numbers.

Substitution of the first four values of u, and « in Equation [32] yields four equations,
whose simultaneous solution yields the values

¢, = 1.7462
¢, = 0.2282
¢, = 0.1045

¢y = 2.5836

With this choice of coefficients, Equation [32] yields the approximation 1.4568 to the
7alue of x when pg =1.25.

We observe that if we interpolate in the table, the effect of the higher differences is
most pronounced when we attempt to calculate the value of « corresponding to pg = 0.375.

The Newton interpolation formula with forward differences gives

k(k - 1)
MY

f(zg + kh) = flzg) + kA f(z)) A? f(2o)

k(k=-1)(k-2)
b ( 3)!( AS f(mg) + 0. (38]

where 4 is the tabular interval; A f(z,) represents the first forward difference, that is,
f(zy + B) = f(x); and similarly for A? f(24)s A3 f(z,), ete.

11




Thus. if lincar interpolation is used, the approximation 1.6189 is found for the value
~ corresponding to py = 0.375 when p'pg = 0.2, p = 3. The use of second differences gives
k = 1.6204, whereas third differences give the improved estimate 1.6208.

Substitution of p, = 0.375 in Equation [32], with the appropriate choice of coefficients,
yields a = 1.6209. Consequently. we infer that in this worst case, interpolation by means of
third differences suffices to yield accuracy to within a unit in the fourth decimal place or
fifth significant figure.

Inasmuch as the successive differences are not shown in the tables in this report, it
1s perhaps more convenient to interpolate by means of tables of Lagrangian interpolation
coefficients.1©

Since n+ 1 successive tabulated functional values are required to determine the nth
difference, it is evident that four-point Lagrangian interpolation is equivalent to Newtonian
interpolation with third differences.

In the specific interpolation considered above, the Lagrangian four-point formula yields

5 15 5 1
k(0.375) = EOE K025) r = K(o.5)--1’—6 <(075) + = x(1)
D (1.6344) + 12 (1.6034) - = (1.5600) L aston)
= — (1.88 — (1.6084) - — (1.} + — (1.5
16 EETI 16 16
- 1.6209

Corresponding to values of yu, exceeding unity, three-point Lagrangian interpolation
suffices to yield the fuil tabular accuracy.
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